
Calculus Review
Topics :

- Overview of derivatives & integrals
- Techniques/Applications of both
- Parametric equations and polar coordinates
- Vectors = operationsI functions
- Multivariable calculus - partial derivatives

,
multiple integrals

,
vector calculus

D erivatives $ Integrals

* The heart of calculus is about being able to understand and model change
↳ derivatives & integrals are core tool/concepts for doing this.

From algebra, change was described using Istope

y = 2x - 1
Equation of live - y= mx+b

slope - M describes rate

of change of output as

we vary input

M = 2 + for every 1 unit change

in x (imput) we see 2 unit

change in y Contput

Slope Formula -> M= Describes average chase over
-

Some interval

What happens when function becomes a little more complicated?

⑧
y =X

We need to adjust how we describe

change
.V

Pr = (2,
2))

Ars change can still be used
·

P3
· = 2

(- 1
,
1) P = (0

,
d M =



From P 1
= (0

.
0 to P2(2,

4) output changes 2 Units for every / wit

change in input.

What about from P, to P2? Slope in stoph above looks different

mu= = 5 = 1

When we choose different interval
, any change is different.

How do we obtain more exact/useful value for change ?
Ex . Car driving over time

⑮ B
X·xI I

Xy Xz

Position X of car at point in time + t

is described by function x(#)

3 points of interest marked on graph
Change of position over time internal or average change is simple

enough to calculate
What if I want to know the rate of which X(t) is changing at a

single point in time?

similar to calculating change
over interval (eg .

P,+Ps)

small~
We just make internal infinitely

What is rate of change of x(tt

at On
new position
↓ (Y) initial position

+p
↓ (yi)

t alixtp+Dt-XI
use in time

To find this instantaneous change of point in time
,

(X2 -X,)

me look at time interval infinitely small (approachingOI
↳ this type of change is the derivative



Derivative gives us rate of change atony point on continuous curve

Position of ball thrown straight up I falling back toground

Position y = yo +Vot+Eat
I

25-

Derivative allows us to see rate position is changing
yo- at any point in time +

So-

initial height yocom
S-

initial velocity Vo =Juls
to - c is t so · cceleration Israrity) 90-9

.
8 M/s 2

Derivative of position w/ respect to time gives velocity

= v() = V + at

Derivativeof velocity or respect to time gives acceleration

&E = a(t) = a

Fundamental was to calculate desinative isa power formula

&[x] = nx
+ 1

apled to every term in function

9 y = 2x3 - 3x2- 4x x = 6x 6x - 4

Integral gives total change over an interval

known as antideiative

If A =vCH) at t = / gives rate at chause of position (nalocte)

at E-1
.

then (VHdt gives total change of position ,
DX

,
on



time internal (0
,3)

DerivativeRinds slope at particular point
Velocity

v(t)

imme
Integral gives us area under the curre

t

Calculating and Applying Derivatives

For basic polynomials we can use power rule

y = Gx - 4x +2 + y = 12x - 9

f(x) = x"+ 2x - 4 - f'(x) =
4x=

+ 6x2

y = x + 2x + ( = 3x+ 2

Useful application of derivative is understanding shape of graph

y = 2x- 3x-4x y = 6x6x-4

y gives us rate of change of any X
.

N :

So we can use it to know if

function is increasing ,
decreasing

,

at a

critical point , or asymptote

If ys0 & X then y is increasing at x

If y' eX then y is decreasing
If y

' =0 & X then
y is at critical point

(local Max or min)

If y' = undefined ex
,
then is at a symptote



Useful to find local min & max of function
-> start by finding critical points (y' = 0 -ie where targent is horizont

N.

X

36x

3-4Not the clearest

example but it works

- - Assuming those zeros are

correct
,

those are the points y charses dreation

Consider another function f(x) = X-2x#2

f(x) f(x) =3x24x

3x" yx=0 X= 0,3
X(3x- 4) = 0F

local minimum or Maximum

check points around critical points to determine

v
f(x)

#
·

left of O is increasing
,

right of zero is decessing
#(x) graph shows f(x >0 X=0 - local maximumS

it f(x) ↑ until x=0
,

then left of "13 is decreasing $ right is increasine

F'(x) becomes negative X=" - local Minimum



double derivative gives concavity of particular point

We concave up 14 concave down

If Y "CO & X
,

then y is concave down at X

N y"30 & X
,

then
y is concave up

HA f"(x) = 6x=4

·

f" (0) = 6 (0) - 4 = -4 - concave un↑ -" (1) = 6(4) - 7 = " - concave up

Basic formula for calculating integral is revere of power rule

(xdx= I constanta

integration

Indefinite integrala result is function

es (x +2dx = * + 2x + e

Definite Integral +> result is number

↳ es (x+2dx= +2x(220)"
area under curve = IS

on specific interval



This brings us to Fundamental Theorem of Calculus

↳
essentially describing inverse relationship

between differential $ integral calculus

y = f(x)
- g(x) = [f(x)d+

jare =s(x g'(x) = f(x)
a b

also
... b

Calanktingare & f(x)dx = F(b) - F(a)

under cre

on intere (c.
B] F'(x) =f(x)

f(x)= x
+

+2x- 4

⑨ (x) =( f(a)da = = + x24x

(3F(Adx= + x
=ex)m =2 + 9- 12 - [5 + 1 -4)

= 6 - ( z)

=
-

(1f(x)dx= +x24x)"
=- + 1 - 4 - (4 + ()2-4(2)]

the resulting value is net =67

change of g(X) over interval

[a
,b]



Methods for solving derivatives

Chan Rule :

x [f(g(x)] =F (g(x))g(x)

3 : (2x2-4) g(x) =24 f(x) = X g() =4x

↑ (x) = 3x2 f'(s())= 3(22 f'(g(x)s'x = ](2x-
2

- 4x

y = 12x(2x - 4)2

Implicit Differentiation :

It function is not explicitly defined y=x ,
utilize chan rule

Es.

X+ y2 = 4

differentiale both sides wul respect to X

* [xi+]= [4]

* [x*+x (y) = 0

-Ch 2x +2 = 0

Product Rule: (f(dg(x) = f(x)g(x) + g(x)f(x)
Quotient Rule :

* Integration Methods :

Substitution Rule : Inverse of chan rule

use when integral has form (f(g()g' do

Set s(x)= n - (f(g(x))g'(x)da = (f(u)du



es (2xN da g(x) = 1 +x2

g'(x) = 2xda which is part of integrand
u = 1 +x

=

↓ then plug a back in

du = 2xdX

(Vidu = =u + c = =(1 +xx) + c

es (cos(I + stidt u = 1 +St

du= Salt coefficient can be
= (coslu)5 du dysedu factored out of integrand
=5 Scos(a) du

-=5 Sin(u) +c = -Sin (1+St) +c

Integration by Parts : Inverse of product rule from differentiation

Derivation :

* (F(x)s(x] = f(x)g(x) + g(x)f'x

(f(x)g(x) + g(x)d'(x)dx = f(x)s(x)

( f(x)g'(x(dx + (g(x)f'(x)dx = f(x)s(x)

( f(x)g'(x)dx = f(x)g(x) - (g(x)f'(da

Let u = f(x) du=g(x)dx
,
then du=f'da Dv =SCA

Murfudu
Jesinxdx neither becomes simpler when differentiated so doesn't matter

U = ex drisixd
in

-excoxSecoxdx
du = edx V= - cosX u= eX dr = cosxdx

Perform into by parts again duzedx visinx



- ecosx + [esinx-Jesinxdx]
#IMPORTANT TECHNIQUE

neither ef nor sinx will be reduced wh differentiation

s this process couldso on for a
white

However
, if we set up full expression

&sinxdx = -e
*

cosx +e"sinx-Jesiuxdy

the integral we want to solve for appears on both sides.

we can set up equation to be solved for unknown integral

2)e"sinxdx = -ecosx + e"ciux

Jesinxdx = [e (six-cosx)dx

* cover this integrals
,
this substitution ,

rational fractions

* Look overIMPROPERINTEGRASS - conversence

Applications of Integrals

Area between curves - Find area of region between snaph of
2 functions

In general ,
area A of region bounded by y = f(x)

,
big l $ lives

X = 9
,

X= b
,

where F$s are continuous $F(x)2g(x) for all x

in [a
,
37

A= S (f(x) -s(x)]ox



Find area of region bounded above by y= xi+ & below by y
=X

between X= 0 $X=

A = [ (F(x) - g(x)dx

=Fade-shaldi =*+ x16 - (1)
-

= -* +x
= 5 - z + 1 - [0 =5

Oftentives you will be given2 curves only $ have to

And intersection points

Find area of region enclosed by yea
? $ y = 2x-x

Find points where I grophs intersect Lie eatual each other)

2x - x2= x X = 0
,

1
2x-2x"= 0 y = (0)"= 0 = z(0) - (0))

2x(X- 1) =0
y

= (1) = 1 = 2() - (122

Intersection points - (0
,
0) $11

.

1)

Are sure te identia apparel loveboundslf(x) = 2x - x b( f(x) = g(x) for all X

or interval

A= [f(x) -s(x))dx

=?2x-x-x dx

=(2x-2xdx = x*x (d) = 1 - 5 - 2) =5



If we had chosen incorrect boundaries

f(x= x" g(x) = 2x-Xi

Cox" (x+]dx = (2x*
-2xdx = Ex-x] = 5 - 1 = - 5

*negative area doesn't

make sense so we

should catch that

mistake

Few variations to explore
, namely

Writing X as function of
y $ calculating area using

X = f(y)
,

X=g(y) y = c
, yad

Volume
V= (?A(x)d explore in detail

Volumes of cylindrical shells

* Ch 8 - Ara Length
,
Area of surface of revolution

,
eta

* Ch10 - Parametric Esuctions & Polar coordinates

Vectors $3D Space

Expanding cordinate system from 20 +20
, adding zexis

zπ

L
↑, j, -unit vectors for X

, 3 ,
z

-
& xes

------

i



A vector is a mathematical object wh magnitude I direction.

Often represented as arrow

A vector in n-d space will haven components

e V = 24 + 35 &+2 units i direction (x-axis) +h units 5 direction

(y-axis)

F Z

-

i = 24 + 35 +M
-

Can also be represented
as coordinate point*- = (2

,
3

,

17
X Yz

Vector arithmetic scalar multiplication should be familiar

ba Now
matric

multiplication
charse

ofJases

8Dot Product Lake Inner Product)
Gob = a

,
b

,
+ 92bz+ asby explore geometric

interpretations,
specifically

Produces scalar value in Linear Alsebra

* Useful in exploring angle between 2 vectors more generally,
inner product is

a- b = lalbI cost used to analyze

similarity between
·

· 2 mathematical

Cost= objects es (how
similar are I sound

Waves)



19-mosnitude of Vector a

lal-tast-. +an in n-dimensional space

If E =0 or O-#
,
the 2

rectors are parallel

-A20

S

&tors b are orthogona (perpendina

if a .b = 0
, implies <Ost = 0 so O: 1907

es. Find angle O between a = (2
,
2

,
-1) $ ba/S

.

- 3
,
27

I a=TF = 3 1 bl= =es

9 . b = 2(s) + 2( -3) + ( - D(2) = 2

Lost=50

O :cost 1 .
76 Light

Show 25 + 25-k is perpendicular to Sx-4y +25

(25 + 25 - k) -(Sx - 4 y +2ic) = (2)(s) + (2)(4) + 7 1)(2) = 0

dot product between 2 vectore is 0 = Orthogonal




